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Hollman et al. presented a set of formulas1 for esti-
mating the magnitude of 3-center Coulomb integrals over
(contracted, solid-harmonic) Gaussian atomic orbitals
(AO). Evaluation of such integrals often accounts for a
significant percentage of the computational cost of elec-
tronic structure methods that utilize density fitting (aka
the resolution-of-the-identity) of the Coulomb Hamilto-
nian. Unlike the standard Cauchy-Schwarz bounds for
the AO integrals, the estimators of Hollman et al. do not
produce upper bounds but correctly describe the asymp-
totic decay of the integral with the distance between the
(chemist’s) bra and ket. Namely, for well-separated bra
φa(r1)φb(r1) and ket φc(r2) the corresponding Coulomb
integral (φaφb|φc) (the notation of Ref. 1 is used through-
out) generally decays with the distance R between the
centers-of-charge of bra and ket as Rlc+1. The estimators
of Hollman et al. incorporate this distance dependence
correctly, whereas the Cauchy-Schwarz counterpart does
not depend on R thus severely overestimating the mag-
nitude of the vast majority of nonnegligible 3-center in-
tegrals.
An even faster decay is observed for three-center
Coulomb integrals in which the AOs in the (φaφb| bra are
concentric, i.e., share the origin, or one of the two func-
tions is the identity. Unfortunately, Hollman et al. did
not provide formulas for such two-center integrals, stating
simply: “A better estimate for the special two-center case
could be developed, but from a practical standpoint it is
not worth the effort.” Although the number and cost of
such two-center Coulomb integrals is indeed smaller than
that of three-center integrals, their cost is non-negligible.
Since the utility of the two-center integrals extends be-
yond the density fitting to semiempirical and classical
simulations their efficient evaluation has recently been
revisited2. A priori estimator for the magnitudes of such
integrals that incorporates the proper decay with dis-
tance would therefore be useful. Albeit the three-center
estimators cannot be trivially adapted to the two-center
case, the derivation is straightforward and does not war-
rant a full manuscript. The purpose of this note is to
fill this gap in Ref. 1 by documenting the appropriate
two-center formulas. We also propose a modification of
the three-center estimator of Hollman et al. for the case
of the contracted ket AO.
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Consider a two-center Coulomb integral, (φa|φb) in-
volving two solid-harmonic Gaussian AOs φa and φb with
orbital angular quanta la and lb. When φa and φb are
well-separated (see Ref. 1 for the definitions of orbital
extents and well-separatedness) the integral decays with
the distance between their origins, R, as Rla+lb+1. It
is sufficient to consider the case with the AO origins
on the z axis and solid-harmonic Gaussians φa and φb
with null orbital angular momentum projection (m = 0);
this makes all spherical electric multipole moments Olm
of AOs φa and φb vanish except O
la
0 (φa) and O
lb
0 (φb),
respectively. Then the bipolar multipole expansion3,4 of
(φa|φb) reduces to the single term:
(φa|φb) =(−1)
lb
√(
la + lb
la
)(
la lb la + lb
0 0 0
)
Ola0 (φa)O
lb
0 (φb)
Rla+lb+1
(1)
After straightforward simplification this formula can be
immediately used to efficiently estimate |(φa|φb)| for well-
separated contracted Gaussian AOs; for integrals with
overlapping brakets Cauchy-Schwarz estimator should be
used, just as in Ref. 1. This results in the proposed two-
center estimator:
|(φa|φb)| =


(
la + lb
la
)
Ola0 (φa)O
lb
0 (φb)
Rla+lb+1
, R > exta+extb,
QaQb, R ≤ exta+extb,
(2)
where the Cauchy-Schwarz parameters Q and extents
were introduced as in Ref. 1. For efficient use the com-
binatorial prefactor and multipole moments of Gaussian
AOs should be pretabulated (multipole moment integrals
can be evaluated, e.g., recursively5 or using the con-
tracted version of Eq. (3)).
Although the well-separated clause Eq. (2) does not
seem to resemble its counterparts in the three-center es-
timator of Ref. 1 [(Eq. (29)], their connection becomes
apparent if we recall that the Ol0(φ) multipole moment of
a primitive solid-harmonic Gaussian AO φ with orbital
exponent ζ and angular momentum l has a compact ex-
pression in terms of the βl(ζ) ≡ (2l− 1)!!ζ
−(2l+3)/4 func-
tion introduced in Eq. (28) of Ref. 1:
Ol0(φ) = (2π)
3/4βl(ζ) (3)
2With this equality we can clearly identify the first (SVℓ)
clause of Eq. (29) in Ref. 1 as simply the interaction of
the charge of the (ab| bra with the lone surviving mul-
tipole of |c) ket. This perspective also allows to make
the three-center estimator more sound for the case of
contracted |c), in which case the prescription of Hollman
et al. in Section II.F approximates the sole nonvanish-
ing multipole moment Olc0 (φc) by its value for the most-
diffuse primitive only. It is more sound to use the exact
multipole moment for the contracted φc, achieved by re-
placing βlc(ζc) with O
lc
0 (φc)(2π)
−3/4 in Eq. (29) of Ref.
1. Such modification has no effect on the efficiency of the
estimator and is thereby recommended.
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